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Some further results on dissipative structures for one- and. more particularly. for twodimensional bounded systems are 
presented. A model chemical network involving reactions and diffusion is invest&ed. The influence of the boundary con- 
ditions (no fluxes or fixed concentrations). the geometrical shape of the limits (circular or rectanpular) and the size of the 
system on the variety of possible patterns is demonstrated. A comparison of the numerical results with bifurcation theory 
is outlined. Finely, the prablcm of multiplicity of stable ordered solutions which turns out to increase sharply from one to 
two dimensions, is discussed. 

1. Lntmduction 

Theoretical studies of open chemical networks 
governed by non linear rate equations have shown 
that beyond a critical distance from thermodynamic 
equilibrium, the steady state corresponding to the 
extrapolation of the close-to-equill%rium behavior 
may become unstable [ I] _ 

Such systems then evolve to new stable regimes 
which may exhibit temporal and spatial organization 
[2-4]- These configurations have been called “dissi- 
pative structures” by Prigogine et al. because they re- 
quire continuous dissipative processes for their ap- 
pearance and maintenance. 

The generality of this type of behavior in non 
linear systems seems to be confirmed by several labo- 
ratory experiments [5] for example on the Belousov- 
Zhabotinskii system [6--S] where reproductible 
chemical wave propagation phenomena are observed_ 
In the field of biological regulatory processes a typical 
example is provided by the glycolitic system [9] 
which exhibits both uniform and space dependent 
time oscillations. More recently, spatially ordered re- 
gimes in the pH distribution across artificial enzyme 
membranes have been observed [lo]. 

On the other hand, several aspects of complex bio- 
logical order phenomena such as development or the 
electrical activity of the brain have also been investi- 
gated in the framework of dissipative structures 
[II--13,24]. 

In agreement with the observations. mathematical 
models based on the kinetic data available were elabor- 
ated for systems involving both chemical reactions and 
diffusion processes. Further simplified models have 
also been conceived in order to better understand the 
mathematical aspects related to the occurence of the 
dissipative structures. In this content, one of the most 
studied models is the simple trixnolecular scheme [ 14- 
18): 

2x+ Yx-,3X. 
.& 

x--+ I?, (0 

involving only two intermediates X and Y. The reac- 
tion steps are all irreversible: system I operates thus 
automatically at infinite distance of thermodynamic 
equilibrium. Notice the presence of the autocatalytic 
step in the third reaction which introduces in the 
model the necessary non linear element. Model I does 
not represent any known chemical reaction chain but, 
rather, is a minimal model capable of exhibiting coope- 
rative behavior. 

The object of this paper is to study the possibilities 
of appearance of time periodic structures for bounded 
one-diiensional systems and to investigate symmetry 
breaking situations for twodimensional systems corre- 
sponding to different geometries such as a rectangle 
or a circle. The motivation for investigating two-dirnen- 
sional systems is twofold. First many bio-physical 
processes take place in twodimensional media like 



membranes. And second, additions symmetry features 
of the spatial domain considered introduce a highly 
interesting interplay between form and dimensions, 
and enbance in this way the variety of possible pat- 
terns. 

In section 2 we briefly recall the principal results 
obtained in one dimension for model I. We also inves- 
tigate the occurrence of time periodic behavior for 
two kinds of boundary conditions: fixed concentra- 
tions and no fluxes. Section 3 is devoted to the linear 
stability analysis in two dimensions of the unique uni- 
form steady state of the model for the same boundary 
conditions as in section 2. 

In their general features the instability conditions 
on the physico-chemical parameters are the same as 
those encountered in a one-dimensional analysis; how- 
ever the wave-number, k, which characterizes the in- 
fluence of diffusion on the steady-state stability is dif- 
ferently defined. Moreover, the spectrum of permitted 
values of k appears to be directiy related to the size, 
the shape of the system, and the boundary conditions. 

Particular attention was focused on the variety of 
the new stabie solutions that could be obtained 
numerically and their relation to the results of the 
stability anaiysis of the uniform steady state. 

In the last section, we discuss the problem of suc- 
cessive instabilities which is related to the existence 
of multiple solutions and may become more wmmon 
for two-dimensional systems. 

2. Some further results in 0nedimensionaI systems 

The system is considered open to products A. B. 
D and E whose concentrations are maintained time 
and space independent. The kinetic equations describ- 
ing the evolution of the ~te~ediate products are: 

a,X=kIA+k,XzY-k,BX-k,X+DxnsX, 

a,Y=kZBX-k3X2YfDyAsY, O~SGS,, (1) 

where a, and A, represent respectively alat and 
az/as2. 

Diffusion is governed by Fick’s law and the dif- 
fusion coefficients Dxr Dy of X and Y are supposed 
to be constant. The boundary conditions are chosen 
to be either ftved concentrations: 

X(0) =X&So) = const., 

or zero fluxes: 

Without loss of generality we may introduce the 
following two modifications of system (1): 

1. By simple scale transformations of time and con- 
centration of each product, alt forward kinetic con- 
stants are put equal to one- Thus setting: 

f’ = k4cl 

X’ = -fk3/k4)1/*X, Y” = (k3/k4 )Ifz Y, 

A’ = (k;k3/kj)It”A , B’ = (kz/k4) B. 

System (1) becomes in the new variables r: X’, Y’, A’ 
and B’: 

a,.X’=A’+X’1Y’-B’x’-X’+D_~A,X’, (2) 

a,.Y’=B’X’-X’2Y’+0;A~Yr, OUSTS,, 

where we defined 

D;u =&l&. D; =0,/k&. 

2_ We introduce in system (2) the dimensionbu pa- 
rameter C defined as I =S/.S$ where S is the real space 
dimension and So” an arbitrary chosen length 
(0 < ! =Z fo; f, = S&G). In thii way, the reaction-dif- 
fusion equations to be studied take the form: 

a,X=A+X~Y-(E+l)X+DXAIX, 

a,Y=BX--X2Y+DyAlY. 0<r<r,. (3) 

Note that, thanks to the s&e transformation defmed 
above, one may consider quite reaiistic values of the 
rate constants and the diffusion coefficients which are 
compatible with eq. (3). 

For suitable boundary conditions there exists a 
singe uniform steady state solution of system (3) 
given by: 

X,, =A, Yo = B//I_ (4) 

The stability properties of this steady state are deter- 
mined by the characteristic equation which is in our 
case [i4] : 
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Fig. 1. Stability diagram f3 = B(n) for 3 one-dimensional 
system of length 2 = I_ t3xve a, 5 = f- + A'Dx/L, y 

+A*@&&f) +Dxk;, delimits the region where state (4) is 
a saddie point (SP) always unstable and curve b, B = 1 +A’ 
f {Ox f DY) kz, ffie region corresponding to an unsfabIe 
focus or unstable node (UF, UN). The permitted vtiucs of ki 
are: ki = m/l with n = 0.1,2... except for fixed boundary 
conditions where II = 0 is excluded. The black dots give the 
allowed states of the system. Curve c shows the real part of 
the positive eigenvalues w(n). for a given value of B. The con- 
ditions upon the parameters are: 

W Dx = 1.6 X 10v3.Dy=8X LO-".A = 2; Re Q.Y is plotted 
for B =4.6. The first bifurcation corresponds to Re uj = 0, 
fmui~Oandki,fO. 

(6) 0~ = 8 X IO-‘. D y = 4 X 10-3. A = 2; RF w is plotted 
for 5 = 6. The fit bifurcation corresponds to Re ui = 0, 
Im Wi f 0 with etiher kfC= 0 (zero fluxes at the bo~~da~es~ 
or kit" 0 ffvced bound=% conditions)_ 

Du = 1.6 x LO-3: D y = 8 x 10-3. A = 2; Re is plotted for 
B = 4.6. Q) The first bifurcation corresponds to Re ai=O- 

W&l-B) fD,Dyk;=O. (9 
The discrete spectrum of values of&i = k&) is found 
by determining the eigenvalues, - Icf, of the laplacian 
operator knowing the boundary conditions, the spatial 
extension of the system and the geometry of the 

boundaries: 

A I$&) = - k&(r)_ 

There exist two ways to destabilize state (4): through 

real (Re Oi > 0, Im Or = 0) or complex (Re tii > 0, 
Im Wi f 0) eigenvalues. Which type of instability oc- 
curs first when B increases from zero depends on the 
values of the physico-chemical parameters like e.g. the 
ratio of the diffusion coefficients Dx/Dy (see fii. 1). 

In order to understand the implications of the in- 
stability conditions, the evofution of the system was 
studied numericaliy beyond the different transitions 
points. This analysis revealed the foIlowing features: 

1 _ When the unstable steady state is a “saddle 
point”, stationary non-uniform stable structures have 
been obtained. Quite recently, an analytical approach 
was carried out by Nicolis, Auchmuty [ 191 and 
Herschkowitz-Kaufman [20] for the stationary solu- 
tions around the first bifurcation point. It appears 
clearly, from this analysis, that the critical value ki 
describes the wavelength of the emerging dissipative 
structure since the corresponding eigenfuuction Qi 
represents the first approximation to it. 

2. When the uniform steady state becomes an ?tn- 
stable focus”, a stable time periodic regime sets up. 
However for the same values of the parameters. two 
different behaviors are observed depending on the na- 
ture of the boundary conditions. 

For fixed concentrations at the boundaries, we ob- 
tain a spatio-temporally ordered regime (fig. 2) as ex- 
pected from the linear stability analysis where the pos- 
sibility of uniform solutions ace ruled out (ki + 0, and 
the corresponding &‘s are never space independent). 
An analytical anaIysis of the first bifurcation in this 
case is also developed by Nicolis and Auchmuty [2 I I. 

In the second case - zero fluxes at the boundaries 
-when the initial conditions are not uniform. we ob- 
serve a sharp concentration front propagating from 
one boundary to another; but, this periodical repeat- 
ing propagation stage dissapears gradually and seems 
to tend to uniform sustained oscillations. This agrees 
with the predictions of the linear stability analysis 
according to which the state at ki = 0 corresponds to 
the first bifurcation. 

These two different cases underline the importance 
of consideringfirrjte sysfems which allows to distin- 
guish between transient phases (such as in case 2) and 
asymptotic states (such as in case I). However, the 
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Fig. 2. One-dimensional spntio-temporal regime for fixed con- 
centrations at the boundaries. Dashed lint: unrtabk steady 
state: Full her stable periodic regime. I= 1; A = 2. B = 5.45: 

Dx=8x 10-3;Dy=4x 10-3. 

possit?iIity of “wave-like solutions” in reactionditfu- 
sion systems subjected to zero fluxes at the boundaries 
is conceivable as a result of a new instability corre- 
sponding to further bifurcations. On the other hand, 
it has been established that systems involving more 
than 2 variables can lead to time-periodic space-depen- 
dent solutions even for the first bifurcation 121 J. 

3. Twodiiensional systems 

In this section, we desc&e the properties of 
mode1 I for a two-dimensional medium; we choose 
two types of boundary geometries: the rectangle and 
the circle. For these two cases, the general features of 
the stability analysis of the uniform steady state (4) 
are the same as those encountered in one dimension 

(see caption fe_ 1). Only the explicit form of kf, 

@i(r), the eigenvalues and eigenfunctions of the 
IapIacian operator satisfying the boundary conditions 
are changed. 

Note that as in the preceding section, we use di- 
mensionless variables which are now defined by 

x = SJS,‘, O<xGl,; 1, =S*&& 

Y = s_Jso’, 0 =Gy a+ lv =svo/s;, 

for the rectangle of dimensions Sxo X S,O; and bv 

r = R/S,‘, O<r <ro; r. =R,/S,, 

for the circle of radius Ro. 

3. I. Linear stabiliry analysis 

3. I. 1. Rectangle of sides lx x iy 
According to the linear stability analysis, we are 

looking for the perturbations u and u solutions of the 
linearized equations of motion 

u=tx-XgI, U/x, Q 1, 

v=IY- Yoi, u/Y0 ‘G 1. 

One can show that the general expressions for u and u 
are infinite series of the eigenfunctions exp(wit)Qi(r); 
these eigenfunctions take the following explicit form. 

a) For fixed concentrations at the boundaries 
(equal to X0 and YO): 

(;)=(;) exp (c+) sin (kXi x) sin (k, jy), @a) 

with 

kxi = “xi~fi~ and fIxi= 1,2,... , 

k;i = nyin/‘y and tryi= 1,29-.- - CW 

b) For zero fluxes at the boundaries: 

(Z)=(Z) exp (Oit) COS(kxiX) COS (kyiy), (8b) 

with 

kxi = tl~i~ll, and “xi=O,1,2,--*, 

kyi = HyiXl’y ad ‘z~i=0,1r2,.... (9b) 

by 
The permitted values of ki are reIated to kxi, kvi, 

k. = (k’. + k2_)‘j2 = ,&_/[2 f ,2_/[2)1/2 1 xz 

xi m: n 

1 
where n . are gin& &hery&:9a) oc (9b) 

(10) 

Wi is soIutiori%f the characteristic eq. (5) and pi. di 
are two arbitrary constants related by 

(Dxk++ 1 -B8)ci=A2di. (Ill 
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3. I. 2. Circle of radius r. 
Applying the same considerations as above, we see. 

in terms of polar coordinates (r. 0) that the eigenfunc- 
tions are now of the form: 

where <l(kir) is the Bessel function of integer order )z. 
The eigenvalues ki corresponding to the J, (kir) are 
given by: 

a) For fied concentrations (X0. Yo) at the bounda- 
ries: 

kiro = j,,z (sth zero of the rlth Bessel functionJ&)) 
with 
II = 0. s=lT ._.-.; PZ +0, s = 2,3.... (13a) 

b) For zero fluxes of X and Y at the boundaries: 

4 ‘0 = iA,, 

(sth zero of the first derivative of the 12th Bessel func- 
tion) with 

ll”0, s = 1,2._.; I1 PO, s= 1,2... _ (13b) 

Like for the rectangle, Wi is solution of the character- 
istic eq. (5) and Ci, di are related by (11). 

We conclude that for two-dimensional systems, the 
instability conditions are the same as in one dimen- 
sion (same characteristic equation). Though the per- 
mitted vahres of ki are changed, one has for the first 
bifurcation: 

kjC = 0, for an unstable focus with zero fluxes at the 
boundaries; 

kit 7- L 0, for an unstable focus with fiied concentra- 
tion at the boundaries; 

kit + 0, for a saddle point. 

3. i.3. Degzlrerate cases 
In two dimensions, depending on the symmetry of 

the spatial domain, there exists the possibility for the 
first instability to be the origin of multiple bifurca- 
tions; indeed, it can now happen that more than one 
eigenfunction ei(r) corresponds to the ye eigen- 
value - kf(and thus to the same value of wi)_ When 
II f 0 this is always the case for the circle which 
presents naturally for each ki two independent eigen- 

functions Qi(r): 

Qi , = c cos td fn(kir). (tz * 0). 
.- 

The same situation exists for the square when 
nXi+n; 

An &&mpie on the square is considered in the next 
section. Besides these examples involving high sym- 
metries. degenerate eigenvalues of the iaplacian opera- 
tor can also appear for the rectangle. These situations 
require however very particular relations between the 
lengths of the sides. 

It should also be pointed out that if the first bi- 
furcation does not lead to a case of pure degeneracy, 
it can happen, both in one and two dimensions, that 
two different bifurcations appear for identical values 
of the bifurcating parameter as represented on the dia- 
gram below. This case of “accidentai” degeneracy has 
been analyzed analytically for a one-dimensional sys- 
tem by Boa [22]. The degeneracy specific to the 
square (pure degeneracy) has been investigated by 
Shiffman [23] _ 

I4 (al Y @I 

Diagram I. U denorn the unswble uniform stady statu. X is 
the bifurca;ing parameter. (3) Pure degenerate case. (b) 
“accidental” dr_eneratc case. 

In this section, we present different examples of 
solutions obtained numerically. The conditions upon 
the physico-chemical parameters A, B. D_v, Dy , 
(lx, fv) or r. have been chosen to give simple dissipative 
structures. However. this first approach gives a good 
idea of the complexity of the solutions which can be 
obtained in two-dimensional systems. Like for one di- 
mension_ we have focused our attention on the two 
different instabiiity conditions B = B(kj) (see caption 
fig. 1) leading either to time periodic or to stationary 



sDlutions..The first case leads globally to the same con- 
clusions as we encountered in one dimension, for ex- 
ample: a continuously repeated concertration progres- 
sion to the center for a circle with f%ed uniform 
boundary conditions X =X0. Y = Y. and the transient 
periodic non uniform phenomena when zero fluxes of 
X and Y are prescribed at the boundaries. 

The second case has been more thouroughly in- 
vestigated because it clearly reflects the influence of 
both the applied conditions on the concentrations at 
the boundaries and the different shapes. Figs. 3,5,7 
and 9 give stationary structures, obtained for inter- 
mediate X when the unstable steady state X0 is slight- 
ly perturbed (in most cases, the position of the initial 
perturbation applied to the uniform unstable solution 
is indicated). ‘a each of those fiiures the resulting 
pattern reflects the geometrical properties of one of 
the unstable eigenfunctions &(r). We characterize each 
of them by two integer numbers which are defined in 
the linear stability analysis [see (9a), (5b), (13a), (13b)l: 
nX, RZ,, For the rectangle and rz, s for the circle. The 
critical eigenfunctions pi which correspond to a wi 
with a positive real part are indicated in a stability dia- 
gram f3 = B(kk;) for the value of B considered (see 
figs, 4,6,8 and 10). In fig. 6, we also present the 
values of the positive real part of We. This gives some 
iciea of the relative amplifications of the different un- 
stable eigenfunctions. We see that the stationary dis- 
sipative structure obtained can be related to one of 
those modes which have an appreciable positive real 
part Of Wi. 

Fig. 3 presents the cirde with no fluxes at the 

Fig. 3. Polar stationary structure for the circle with zero fluxes Fig. 5. Stationary structure for the circle with fLxed concen- 
at the boundaries. Broken dotted line: unstable stezdy state- trations at the boundaries. R = 0.2; A = 2; B = 4.6; 

R = 0.1: A = 2; B =4.6; Ox= 3.25 x 10-3; Dy = I.62 X 1O-2. Ox= 1.6x 10-3;Dy=8~ 10-3. 

I . 
lr 

I 
(1.1) k 

Fig. 4. Stability diagram B = B(k) corresponding to the condi- 
tions of fig. 3. The dots indicate the permitted states of the 
system, which are characterized by the two numbers (n. s) de- 
fined in the linear stability analysis. 

boundaries; clearly, the stationary structure has the 
properties of the unstable eigenfunction n = 1, s = 1 
with its characterisric polarity. Notice that in one di- 
mension polarity corresponds to spontaneous onset 
of a macroscopic concentration gradient along the sys- 
tem resulting from different values of X or Y at the 
boundaries I = 0 and I = lo [I I]_ The organized pattern 
which appears in fig. 3 is not a trivial extension of one- 
dimensional potar structures to the circle; in fact we 
observe that the circular limits permit us to have in 
the same structure, a region of space which is greatly 
organized (around B x 0) and another quasi-uniform 
region (around 8 Z= 7r/2). 

In fig. 5, we considered the circle for fuced concen- 
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F&_ 6. St&my diagnm B = B&f corresponding to the condi- 
tions of f&J. 5. 

trations at the boundaries: the structure is phase inde- 
pendent, and corresponds to the eigenfunction II = 0, 
s=2. 

Fig. 7a shows the rectangle for the same boundary 
ccinditions and corresponds to the eigenfunction 
n, = 1, “lY = 1. This case was also considered for a 
greater value of B; the resulting pattern (fig. 7b) does 
not longer, as in ~-II_ %, totally reflect the symmetry 

Fig. 7. Statianasy structures for a rectangle with fIxed mn- 
centrations at the boundaries. I = 0.231; I = 0.165; A = 2: 
&.=1.6X 10-3;Dy~8XLO~.(a)B=j19,~)B=4.L. 

5 

0 
3.9 

I k 

Fii_ 8. Stability diagram B = BCk) corresponding to the condi- 
tions of fe. 7. The states which arc accessible for the system 
are represented by black dots and characterized by two 

numbers Oir R$. 

properties of the eigenfunction @(pzX = I, “I_~ = I) but 
undergoes a grooving in its central region which in- 
creases with B. This shows the influence on the bifur- 
cating solution of subharmonical terms 119 J which 
modify the geometrical aspects of the first approxima- 
tion [@(riX = 1, rty = I)] for increasing values of the bi- 
furcating parameter (here: B -EC). 

Fig. 9 presents the square with no fluxes at the 

_ 

Fig. 9. Stationary structures for 3 square subjected to zero 
fh~xes at the boundaries. I, = I = 0.132873; A = 2; 5 = 4; 
Dx=1.6XlO -3; Dy = 8 X l&3. (a) Stable structure, 
C.b) unstable structure. 
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boundaries, corresponding to a degenerate case. Two 
different initial conditions were imposed: fig_ 9a pres- 
ents the first case where we slightly perturbed the un- 
stable steady state at one point (6X = 0.02): this leads 
to the simple structure of fig. 9a which can be char- 
acterized b!/ rX = 0, II,, = 1; fig_ 9b presents the sec- 
ond case where we have perturbed at another point 
(SX = 0.02): the emerging structure is the degenerate 
solution which corresponds to Q(rr, =O, n , = 1) + 
tin, = 1, ?I1 = 0). But this structure is no i stable: 
upon a slight perturbation it tends either to the struc- 
ture corresponding to the shapes of eigenfunctions 
b(H, = 0, t.1. = 1) such as in fig. 9a, or to the structure 
characterized by @(nX = 1, n-v =O). 

Let us now consider the possibility of multi@city 
of structures: in the preceeding examples, we have 
nnalyzed the structure emerging when the uniform 
unstable steady state was subjected to a slight pertur- 
bation. In fact, for the same physico-chemical param- 
eters, many stabk structures corresponding to differ- 
ent eigenfunctions Qi may be obtained. Onedimen- 
sional studies [20] have already shcwn that several 
stable solutions can, indeed, be obtained from differ- 
ent initial conditions. All of them can be related to 
one of the unstable eigenfunctions generally one 
which correspond to an important real part for wi_ 
This is certainly, also the case in two dimensional sys- 
tems, where the possibility of new bifurcatir ns k- 
creases rapidly with increasing values of the bifurcat- 
ing parameter_ For example, if we compare a one di- 
mensional system of length I, and a rectangle bf sides 1 

81 \ / 

Tr ‘c% k 

Fig. 10. Stability diagram B =B(k) corresponding to the con- 
ditions of fg. 9. 

lT (2.NU) k 

Fig. 11. Stability diqvam 8 = B(k) for the following condi- 
tions: I, = 0.301486; l,, = 0.181353; A = 2; 13 = 3.78; 
Dx = I .6 X 10m3 ; D y i 8 X IO-‘. Fixed concentrations at 
the boundaries. 

and 0.5, both with zero fluxes at the boundaries, we 
have for the eigenvalues ki corresponding to the dif- 
ferent &‘s available: 

1 dimension: ki = rrrr, n = 0, I,... , 

2 dimensions: ki = n(nZ f ~PZ_;)“~; 

IIx=O. 1,2..., n_” =o, 1.2... , 

If the physic+chemical parameters are chosen such 
that the permitted values ki, for which the uniform 
steady state is unstable obey to: 2~ G kj <3x, one ob- 
serves that only @(n = 2) satisfies this condition in one 
dimension whereas in two dimensions, Nrzx = 0, n,. = I), 

Oh, = l,n,,=l)andQ(r~~=2,n,,=l)aretobecon- 
sidered. 

This can be ikrstrated by 2 general bifurcation dia- 
grams (diagram 2): At R’, only one bifurcation has ap- 
peared for one dimension when one increases the value 
of B from zero. On the contrary, in two-dimensional 
systems, several bifurcations may occur before B’. 
Moreover, as we have already shown, in 2 dimensions 
multiple solutions can also emerge from the same bi- 
furcation, as a consequence of degenerate eigenvahres 
in highly symmetrical systems. 

A simple example of multiplicity of solutions is 
presented in fg. 12 for a rectangle of sides (0_301486 
X 0.28 1353) with fLved boundary conditions_ Fig. 11 
shows the stability diagram for the chosen values of 
the physicochemical parameters_ We see clearly that 
the two stable solutions obtained through different 
initial conditions can be related to the two eigenfunc- 
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Fig. 12. Two stable solutions obtained through different inirial conditions. Physico-chemical pamneters as in fii. IL. 

- 7 A- -- --__ -_ 
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B 

8 
, _--__ - 
, B 

Diagram 2. Full line: stable. dashed line: unstable. 

tions which are the only available. Since this example 
could be conceived as a quasi-degenerate case (the 
considered rectangle is a slightly distorded square) we 
investigated the possibility of sotutions corresponding 
to the form +(1,2) + &(2,1) were oc and fl are two 
constants, but no other stable patterns as those pres- 
ented in fg- 12a and 12b have been obtained (even 
as a transient state as it was the case For the square). 

4. Discussion 

Comparatively to one dimension, two-dimensional 
systems introduce essentially the influence of the 
Iinn? shapes on the organized patterns which may be 
obtained in non-linear reaction/diffusion systems. The 
few examples investigated in the preceding section 
give us an idea of the variety of solutions available. 
Lie in one dimension, they can be related to the dif- 

ferent unstabIe eigenfunctions of the Iaplacian opera- 
tor and considered as bifurcating from the uniform 
unstable steady state. On the other hand, we see that 
for given values of the physico-chemical parameters 

the number of possible bifurcations from the uniform 
steady state increases very rapidly with the area of 
the system. Of course, these different bifurcations do 
not all of them necessary lead to stable branches. The 
stability of the different solutions may depend on the 
physico-chemical parameters but also on the boundary 
properties. On the other hand, recent one dimension 
simulations seem to confirm that in the case of time 
periodic solutions, other bifurcations than those we 
have described, leading to new stable bifurcating 
branches are not to be excluded. 

From the point of view of biology, this high multi- 
plicity of stable, non-trivial solutions of teaction-dif- 
fusion equations could have a considerable importance. 
In particular, the emergence of more and more com- 
plex patterns as a result of successive instabilities, 
either through primary bifurcations or via secondary 
ones, bears striking analogies with the gradual com- 
plexifkation of morphogenetic patterns in the course 
of development_ This complexification becomes espe- 
cially spectacular in two dimensions. Further com- 
ments on the implication of dissipative structures in 
development and morphogenesis can be found in 
ref. [I I]. 

It appears thus that the general outlines of further 
investigations are the search of analytical expressions 
of the different bifurcating solutions (a fust approach 
for two dimensional systems is in progress [23] ) and 
the study of their stability: stability of the new 
branches of sahtions appearing through succer;ive 



bifurcations from the trivial homogeneous steady state 
solution, but also the stability of the dissipative struc- 
ture itself. 
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